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Abstract. In the present paper it is considered a class V of 3-dimensional 
Riemannian manifolds M with a metric g and two affinor tensors q and S. It 
is defined another metric g in M. The local coordinates of all these tensors 
are circulant matrices. It is found: 

1) a relation between curvature tensors R and R of g and g, respectively; 

2) an identity of the curvature tensor R of g in the case when the curvature 
tensor R vanishes; 

3) a relation between the sectional curvature of a 2-section of the type 
{x, qx} and the scalar curvature of M. 



1. Preliminaries 

We consider a 3-dimensional Riemannian manifold M with a metric tensor g 
and two affinor tensors q and S such that: their local coordinates form circulant 
matrices. So these matrices are as follows: 

(A B B\ 

(1) g i0 ,= \B A B , A > B > 0, 

\B B A) 

where A and B are smooth functions of a point ^(x 1 ,^ 2 ,^ 3 ) in some F C R 3 , 



(2) qi = 1 , S{ 





Let V be the connection of g. The following results have been obtained in pQ. 

(3) q 3 = E; g(qu,qv) = g{u,v), u, v G xM. 

(4) Vq = 44> gradA = gradB.S. 

(5) < B < A g is possitively defined. 
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If M has a metric g from ([I]), affinor structures q and 5 from ^§ and Vg = 0, 
then we note for brevity, that M is in the class V. 

We denote = $j = g| + <?j, and from ([2]) we have: 

(6) qf 



2. On affine connections in a Riemannian manifold 
Let M be in V. We note fa = g ik qj + gjkQi , i-e. 

/ 2B A + B A + B^ 

(7) fij = I A + B 2B A + B 

\A + B A + B 2B 

We calculate det fij = 2(A — B) 2 (A + 2B) ^ 0, so / is non-degenerated symmetric 
tensor field. Evidently, we have that Vq = 0, which thank's to (J2]), ([6]), (JTJ) , 
implies: 

(8) V<? = 0, V/ = 0, V5 = 0, V$ = 0. 
For later use, from (pQ) - ©, we find the next identities: 

(9) <i>>,. ./; ; , «i>;/,, 2g r , ■ J,,. f ji9 is = ^ g,,r \s s y 

Further, we suppose a and f3 are two smooth functions in F. Now, we construct 
the metric g, as follows 

(10) g = a.g + 0.f. 

The local coordinates of g are 

/ aA + 2@B pA+{a + p)B pA + (a + fi)B^ 
= I f3A + (a + P)B aA + 2(3B f3A + (a + (3)B 
\pA+(a + P)B /3A+(a + /3)B aA + 2f3B 

In [2] it is proved the next assertion. 

Theorem 2.1. Let M be a manifold in V, also g and g be two metrics of M, 
related by Iil0\) . Let V and V be the corresponding connections of g andg. Then 
Vq = if and only if, when 

(11) grada = gradft.S. 
Let (3 = in (|10p . Then we have 

(12) g = a.g. 

The condition f)12|) defines the well known conformal transformation in the Rie- 
mannian manifold M. 



So, we will consider the case a = in (fTUj) . We obtain 

(13) 9ij = fi.fij. 

Then from (jlip we can get that Vg = if and only if, when f3 is a constant. 
Further, we are interested in the case Vg 7^ 0, i.e. /3 isn't a constant. Thank's to 
CE5D we get 

(14) Vk9ij=Mij, Pk = V k (3. 
We have the well known identities: 

(15) V k gij = d k gij - T a ki g aj - T a kj g ai , 

(16) Vk9ij = d k gij ~ Fki9aj ~ ^kjdai, 

(17) Vfcftj = 0. 

Using , (fHj) - (fT7|) , for the tensor T? k = T s ki — T s ki of the affine deformation of 
V and V, we find 

(18) T* k = f} k 5i + m-\P a S S Jik, 

We have that = V l q k j - + 0$ - \$ a S k a q)f ti + ^ a ^%'- 

Let R be the curvature tensor field of V. Let R be the curvature tensor field 
of V. It is well known the relation (see [3]) 

(19) Rijk = Rijk + ^ ' jTik — ^kTij + T[ k T!?j — TfjTg k . 
From (|18p and (I19p after some calculations we obtain 

Rm = Rijk + SkWjPi - Pih + <pfij) - ^(v fc A - + tpfa) 

( 20 ) 1 1 1 

+ -/^(V fc /3* - A/3*) - -fikS^Vj? - Pi?), <p = ^ l PsS s t . 

Theorem 2.2. Let M be in V , also V and V 6e i/ie Riemannian connections of 
g and g, related by \13\) . If V is a locally flat connection, then curvature tensor 
field R of V is 

R(x, y, z,u) = - [(2g(x, u)g(y, z) - 2g(x, z)g(y, u) 
b 

(21) + (g(qx, u) + g(x, qu))(g(qy, z) + g(y, qz)) 

- (g(qx, z) + g(x, qz))(g(qy, u) + g(y, qu))]. 

Proof. We have R = 0. From (|20p we find 

(22) Rijk = fijPki - SfrPij - fijQi 1 + fikQj, 

where P ki = V fc ft - ft/3 fe + <pf ik , Q\ = ~^(V fe /3* - fop). 



Now, we contract k = h in (|22|) and with the help of © we get 

1 
2 



(23) fly = -P 4j - My, iP = -SfVhP* 



We note that Rij = R\j k are the local coordinates of the Ricci tensor of V, also 
r = Rijg 13 and r* = Rij f 13 are the first and the second scalar curvatures of M, 
respectively. The identity (f23|) implies 

(24) r* = -2<p - 4V>. 

Using we have that Q£ = Pk a f ah — <p5 k , and from (f23j) we get 

(25) Qj^-lW^-W' + 
We substitute ([23]) - (J25J in and we find 

(26) R ijk = 5 k (Rij — —fij)-5j(Rki — —fki) + fijRkaf a - fikRjaP ■ 
From (f2"6"j) and fl^ = R^g^ we have 

(27) 2i?£ = r<# + y ^ - <&|fl to / a '\ 

Now, we contract (|2"T|) with /j^, and from identity fihR k = ^IRka we obtain: 
2$?i4 a = £ + r)/ w + r* fe - 



and 



2$£fl m = ( T — + r)/ w + r*g kl - 3>\R tk . 



The last system of two equations implies 

(28) nRia = \{(^+r)hi + T*g ki ). 

From P) and (J2HD we find 

-((- 

3 U 2 

After substituting ([29]) in p7|). we get 

3^ fc+ 6 

and also 



(29) ^af i =o((-+^i+^*^). 



fl£ = ^£ + -<!>£, 



(30) Rki = -s9ki + -^fki, Rkif lh = 7 ;S k l + -5 k t . 

6 b bo 

From the last equation we find that 



The equations (|5U|) get the form 

(31) 

Finely we obtain: 



r ,„ . x „„„•», t , „ h 



(31) -Rfci — —(2gki — fki), RkiP — g(^fe ~~ S k ) 



T 

6 

and 



4, = -(2fe - 2^ w + (<# + S£)^ - + fif )/«) 



T 

-R/iijfc = Q^dkhdij — 2dhj9ki + /jfcft/y _ fhjfki) 



We note that i?^ fc ^ 0, so V isn't a locally flat connection. □ 



The last identity is equivalent to (|2ip . 

Let p be a point in M and x, y be two linearly independent vectors in T p M. 
It is known the value 

_ R(x,y,x,y) 
g(x,x)g(y,y) - g 2 (x,y) 
is the sectional curvature of 2-section {x,y}. 

Corollary 2.3. Let M satisfy the conditions of the Theorem Iff.ffl Let x be an 

arbitrary vector in T p M , and <p be the angle between x and qx. Then the sectional 
curvature of a 2-section {x, qx} is 

T 2 V 2-7T 

fi{x,qx) = -gtan -, ip £ (0, — ). 

Corollary 2.4. Let M satisfy the conditions of the Theorem \2.SX Then the Ricci 
tensor of g is degenerated. 

The proof follows from (|3ip . 

Note. Let {x, qx} be a 2-section and g(x, qx) = 0. Then 

fi(x,qx) = - T -. 

o 
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